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Abstract 

By using coupling argument and regularization approximations of the underlying 
subordinator, dimension-free Harnack inequalities are established for a class of stochas- 
tic equations driven by a Levy noise containing a subordinated Brownian motion. The 
Harnack inequalities are new even for linear equations driven by Levy noise, and the 
gradient estimate implied by our log-Harnack inequality considerably generalizes some 
recent results on gradient estimates and coupling properties derived for Levy processes 
or linear equations driven by Levy noise. The main results are also extended to semi- 
linear stochastic equations in Hilbert spaces. 
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1 Introduction 

The dimension-free Harnack inequality with powers introduced in [22] and the log-Harnack 
inequality introduced in [T7J [25] have been intensively investigated and applied for stochastic 
(partial) differential equations driven by Gaussian noises, see e.g. [3j [231 H3J SI El El H21 12H 
[Ml El [HI [291 EOl [101 [15l EH ESI E3] and references within. Due to technical difficulty on 
construction of couplings for jump processes, the study for stochastic equations driven by 
purely jump Levy noise is however very limited. The only known results on these type of 

*Supportcd in part by Lab. Math. Com. Sys., NNSFC(11131003, 11126350 and 11201073), SRFDP, the 
Fundamental Research Funds for the Central Universities, and the Program of Excellent Young Talents and 
for New Century Excellent Talents in Universities of Fujian (No. JA10058, JA11051 and JA12053). 
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Harnack inequalities are presented in [28j [35] for linear stochastic differential equations (i.e. 
0-U processes) driven by purely jump Levy processes, where [28] uses coupling through the 
Mecke formula and [35] adopts known heat kernel bounds of the a-stable processes. Recently, 
using regularization approximations of the time-change, Zhang established in [37] the Bismut 
formula for stochastic differential equations with Lipschitz continuous drifts driven by the te- 
stable process. In this paper, we will make use of Zhang's argument together with a coupling 
method to derive Harnack inequalities for stochastic equations driven by Levy noise. 

Let W := (W t )t>o,S := (S(t)) t > and V := (V t )t>o be independent stochastic processes, 
where W is the Brownian motion on M. d with Wo = 0; V is a locally bounded measurable 
process on M. d with Vq = 0; and S is the subordinator induced by a Bernstein function B, 
i.e. S is a one- dimensional non-negative increasing Levy process with S(0) = and 

Then (Ws(t))t>o is a Levy process with symbol if) := B(\ ■ | 2 ) (see e.g. [IT] , or —B(\ ■ | 2 ) in 
0)- 

We consider the following stochastic equation on M d : 

(1.1) X t = X + [ b s {X s )ds+ [ a s dW s{s) + V t , t>0, 

Jo Jo 

where a : [0, oo) — > M. d <8> M. d is measurable and locally bounded, and b : [0, oo)xl rf -> R d is 
measurable, locally bounded and continuous in the second variable. 

If the condition (H2) below holds, then for any X G M. d , the equation (jl-lj) has a unique 
solution (Xt)t>o- To see this, let 

Z t = [ a s dW Sis ) + V t , t>0 
Jo 

which is locally bounded, and denote X t = X t — Z t . Then (11.11) is equivalent to the ODE 

dX t = b t (X t + Z t )dt, x = x . 

According to e.g. [2TI Theorem 177], (H2) implies that this equation has a unique solution 
up to the life time £ := lim^oo inf {t > : \X t \ > n}. Since it is easy to see that (H2) also 
implies £ = oo, we conclude that this equation, and hence also (11.11) . has a unique solution 
for all t > 0. 

Comparing with the O-U type equations studied in [281 ES], our equation is time inho- 
mogenous with a more general drift. Moreover, to compare the Levy term in (II. ip with 
those in ES] under a lower bound condition of the Levy measure, we may replace Ws(t) 
in (II. ip by a Levy process L t with Levy measure 

u(dx) > c\x\- d B(\x\- 2 )dx 

for some constant c > 0. In fact, in this case we may split L t into two independent Levy 
parts, where one of them has Levy measure c|x| _d i?(|x| _2 )dx and is thus a subordinated 
Brownian motion (cf. [221 E]), and the integral of a w.r.t. the other can be combined with 
the term V t . 
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Now, for any x G R d , let (X t (x)) t >o be the unique solution to ( II. ip for X = x. We aim 
to establish Harnack inequalities for the associated Markov operator P t on £$ b (Jsi d ): 

P t f(x) := Ef(X t (x)), t>0,xeR d Je @ b (R d ). 

Let || ■ || and || • \\hs denote the operator norm and the Hilbert-Schmidt norm, respectively. 
To establish Harnack inequalities for P t , we shall need the following conditions on a and b: 

(HI) a^ 1 exists and is locally bounded, i.e. there exists an increasing function A on [0, oo) 
such that Ho"^ 1 !! < X t for t > 0. 

(H2) There exists a locally bounded measurable function K on [0, oo) such that 

(1.2) (bt{x) -b t (y),x-y) < K t \x-y\ 2 , x,yeR d ,t>0. 

Theorem 1.1. Assume (HI) and (H2), and let K(t) = sup s6 [ 0t ] /; K u du fort>0. 



(1) For any T > and strictly positive f G 



'6 



ill') 



P T \ogf(y)<logP T f(x)+ 1 -^-^ inf {A 4 2 e 2 ^E-J-}, x,yeR d . 

I te(o,T] I b{t) J 

(2) For anyT>0 and f G @ b {R d ), 

(3) For any T > 0,p > 1 and positive f G 3§ b (R d ), 

~p\ 2 e 2K ^\x — y\ 2 



(P T f(y)T < (PtF(x)) infEexp 



2(p-l)5(t) 



x, y G M d . 



Theorem 11.11 (1) and (3) are new even for linear stochastic equations driven by Levy 
processes, for which the Harnack inequality has been investigated in [2S] using the Mecke 
formula. Since in [2B] the density of the Levy measure was used, the derived inequalities 
can not be extended to infinite-dimensions as we did in Section 3 for our present Harnack 
inequalities. Moreover, the gradient inequality in Theorem II. 1( 2) generalizes the main results 
in [261 El [20] for Levy processes or linear equations driven by Levy noise. When K < and 
A is bounded, we obtain from Theorem 11.1( 2) that 



p T f(x) - p T f( y )\ < ||A|U|/|Ux - y\\l^^jry f e ^ d )J > o. 

This implies the coupling property provided — > as T — > oo; i.e. 

POO 

lim / e - TB(r) dr = 0. 

T->oo 
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Thus, the main results in [27| El HH [19] on the coupling property of Levy processes or linear 
equations driven by Levy noise are generalized, see also [36] for the recent study of the 
coupling property of Levy processes with drift. If furthermore K < —9 for some constant 
9 > 0, we have \X t (x) — X t {y)\ < e~ et \x — y\, which together with Theorem 11.1( 2). implies 
the exponential convergence of V Pt'- there exists a constant C > such that (see the proof 
of [26| Theorem 1.1] for details) 

IVPt/I 2 < Ce~ 2eT {P T f 2 - (P T f) 2 }, x,yeR d ,T>l,f e 3? b (R d ). 



For applications of the Harnack inequalities presented in Theorem 11.11 we refer to [28] 
and references within. The following are direct consequences of Theorem 11.11 

Corollary 1.2. In the situation of Theorera W .\\ and let B{r) > cr e hold for any r > r and 

some constants 8 £ (0, 1) and c, r$ > (Note that Ws( s ) is the a-stable process for a = 29 if 
B(r) = r e ). 

(1) There exists a constant C > such that for any T > and strictly positive f £ ^(IR d ), 

^ , x , J-* r f \ C\x-y\ 2 . , A, 2 exp[2A7t) + ait] md 
Pt log f(y)< log P T f(x)+ 1 - yi mf, f PL \ J 2J, x, y £ R d . 



te(0,T] te 



(2) For anyT > and / £ ^ md 



ivp T /r<{p T f- ( p T m mf «^ 

te[o,T] 

(3) If 9 E (|, 1), taen inere exists a constant C > st/cn i/iat /or any T > 0,p > 1 and 



positive f £ 



:Pt/(2/)) p < 2(P T Hx)) C 



p|^ - y\ ( . f A| exp[2-RT(t) + cr£t] 



_ (p - 1) \* e [°. T ] t 



x,ye R d . 



These two results will be proved in Section 2, and extended to semi-linear stochastic 
partial differential equations in Section 3. 



2 Proofs 

We first explain the main idea of the proof. Firstly, as in [37J we consider the following 
regularization of S: 

1 f t+e 

SJt):=- S(s)ds + et, t>0,e>0. 
£ Jt 

Then S e is absolutely continuous and S e I S as e 4- 0. For each e > 0, we consider the 
approximation equation 

(2.1) X £ t =X + [ b s (X £ s )ds+ f a s &W Se (s) + V t , t>0. 

Jo Jo 

Since S s is absolutely continuous, this equation is indeed driven by the Brownian motion 
so that we are able to establish the Harnack inequalities for the associated operator Pf: by 
using coupling. Finally, by proving PI — > P t as e — > 0, we derive the corresponding Harnack 
inequalities for P t . 
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2.1 The case of absolutely continuous time-change 

Let I be an absolutely continuous and strictly increasing function on [0, oo) with £(0) = 0, 
and let v : [0, oo) — > M. d be measurable and locally bounded with v = 0. We consider the 
equation 

(2.2) Xl' v = X + [ b s (X e s ' v )ds + [ a s dW e{s) + v u t> 0. 

Jo Jo 

Under our general assumptions, this equation has a unique solution. Let P t ,v be the associ- 
ated Markov operator; i.e. 

Pf' v f(x) = Ef(Xf' v (x)), xeR d ,t>0Je -^ b (R d ), 

where X t ,v (x) is the solution to (12. 2p for X = x. 

Now, for fixed T > and x, y G M d , we intend to construct a coupling to derive the 
Harnack inequalities of Pjl v . To this end, let (Y t )t>o solve the equation 

(2.3) Y t = y+ [\ s (Y s )ds + f a s dW l{s) + v t + ffeWs)} • **° v ~ ^ d£(s), 

Jo Jo Jo a s ' — Y s \ 



where 



_ \x-y\exp[- J Q K s ds} 
/ T exp[-2 fiK a dB]d£(t)' 

and 

r := inf{t > : Xf' v = Y t }. 
To construct a solution to (12.31) . we consider the equation 

(2.4) Y t = y+ f b s (Y s )ds+ f a s dW e{s) + v t + f {£, h x ^,y s} } ■ *{ v ~ ^ d£(s). 

Jo Jo Jo I AV — Y 8 \ 

Since (z, z') h- >■ jfEf/T is locally Lipschitz continuous on the domain {(z, z') G IR^xIR^ : 2; 7^ 2'}, 
the joint equation of (12. 2\ and (12. 4p has a unique solution up to the coupling time 



f := inf{t > : X l t ' v = Y t }. 

Let 

Yt 



Y t , te[o,f), 

Then (Y t )t>o is a solution to (12. 3p with r = f. 



Af, t>r. 



Lemma 2.1. For i/ie above constructed coupling (X t ' v ,Y t ) t > , there holds r <T, i.e. X^ v 
Yt- 
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Proof. By (Q and (Q we have 



x e t ' v - y f 

\Xf v -Y t \ 



d(X^-Y t ) = (b t (Xt v )-b t (Y t ))dt-C 
Then (H2) and the absolutely continuity of £ yield 



d£(t), t<r. 



d\Xf' v - Y t \ 2 < 2K t \Xi' v - Y t \ 2 dt - 2^ t \Xl' v - Y t \d£(t), t < r 



t.v 



Thus, 



d{\X e t ' v - Y t \e-ti K ° ds } < _^ e -/o^ d M£(t), t < r. 
Therefore, if r > T then 

rT 

< \X% V - Y T \e~ KAs < \x - y\ - / frT f ° KsAs dt = 0, 

Jo 

which is a contraction. 

Now, to derive the Harnack inequality, we let 



□ 



W t = W t + 



<(Mt) 



a A(s)( X e-Hs) ~ Yt-Hs))ds, t > 0. 



By the Girsanov theorem, (Wt)t>o is the d- dimensional Brownian motion under the proba- 
bility dQ := RdF, where 



R := exp 
Vt ■ 



( m ,dw t ) - - J o \ Vt \ 2 dt , 



6-i(t) 



Reformulating (1 2 . 3 [) by 



Y< = y + / 6 s (T s )ds + / a s dW i{s) + v t , t>0 



we conclude from the definition of P f ' v and Lemma 12.11 that 



(2.5) 



P"/f{y) = E Q f(Y T ) = E[Rf(Y T )) = E[Rf(X^)). 



It is now more or less standard that this formula implies the following result. 
Proposition 2.2. For any strictly positive f G ^(IR d ), 

(2.6) Pi v log f(y) < logP^m + inf ^exp[2^(t)]|x - Rd 



and /or any p > 1, 



(2.7) (47) P (2/) < (47 P (^)) t mf T] exp 



pA?exp[2if(t)]|a; - y\' 
2{p-l)£(t) 



x,y e 
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Proof. (1) By (12.51) and the Young inequality, we obtain 

P$ v log f(y) = E[R\ogf(X e /)} < \ogP^f(x)+E[R\ogR}. 
By the definitions of R, rj t , £ t and noting that r < T, we have 



E[R\ogR] = E Q \ogR = E { 



-E 

2 



Or) _ i 

(Vt,dW t } + - 



X 2 T 



i(r) 



h\ 2 dt 



X 



2 i-T 



Wdt<'-+ & m dt = ^ &d£{t) 



2/ T exp[-2/ 'K s d S ]d£(t) 



< 



2 

A|exp[2K(T)]|x-y| 2 
2£(T) 



This implies that 



P^\ogf{y)<\ogP^f{x) + 



A^exp[2K(T)]|x-yp 
2£(T) 



x,y G 



Now, for any t G (0,T], let P^f{x) = E(f (X^ V )\X^' V = x). By the Markov property we 
have P^ v = Pf' v P t j<- So, applying the above inequality to t and Pf'^f in place of T and / 
respectively, and noting that by the Jensen inequality 

Pf' V log P$f > P?' v Pf$ log / = P 1 /' log /, 

we prove (12. 6ft . 

(2) By (I2.5p and the Holder inequality, we obtain 



(PT' v f(y)Y = (E[Rf(x"/)]y < {p l /f{x)){ER—y- 1 



Since 



ERp-i 



exp 



E ( 

E^exp 



P 



t(r) 



V- 1 Jo 
V 



(Vt,dW t ) 



P 



2(p-i)y 



<(T) 



x exp 



< 



exp 



p\ 2 



P-Uo 
g 

2(P-1) 2 

*(T) 



(VudW t ) 



\Vt\ 2 dt 



t(r) 



h\ 2 dt 



T 



2(P-1) 2 7 



< 



exp 



pXlexp[2K(T)]\x-y\' 



we obtain 



(P^ v my)<(P^f p (x))exp 



2(p-l) 2 £(T) 
pX 2 exp[2K(T)]\x - y\ 2 ~ 



2(p-l)£(T) 



x,y G 



As explained above that in the exponential term we may replace T by any t G (0, T], so that 
(1277) holds. □ 
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2.2 Proofs of Theorem 11.11 and Corollary 11.21 

To prove Theorem 11.11 using Proposition 12.21 we need the following lemma to ensure that 
Xf> ->■ X t as n ->■ oo, where X (n) solves (12. ip for e — ~. 

Lemma 2.3. Assume that 

(i) a is piecewise constant: there exists a sequence {t n } n >o with t = and t n f oo such 
that a. = J^Zi hi-ili^ti-ii 

(ii) b is global Lipschitzian: for any T > there exists a constant C > such that 

\b t (x)-b t (y)\<C\x-y\, te[0,T},x,yeR d . 

Then lim^oo = X t holds for all t > 0. 

Proof. Let T > be fixed. By (i) and (ii), for any t 6 [0, T], we have 



(2.8) 



+ 2 sup W(^l^i/»(^-^)l + l^/»(*)-^wl)- 



te[0,T] 



*i<* 



Moreover, it is easy to see that (ii) and the locally boundedness of b,a.,V. imply 
(2.9) sup|X t W | < oo. 

n>l 

So, 

0t := limsup |X 4 (n) - X t \ < oo, t G [0, T]. 

Combining (12.91) with (12. 8p and using the Fatou lemma and the fact that S\/ n ], S as n f oo, 
we arrive at ^ 

4>t<C f s ds, te [o,T]. 

Jo 

Therefore, (f>t = for t G [0, T] and the proof is thus finished. □ 

Proof of Theorem \l.l\ According to [SJ Proposition 2.3], (2) follows from (1). So, we only 
prove (1) and (3). To apply Lemma 12.31 we shall make approximations of b and a. Since 
Cb(M d ) is dense in L 1 (Pt(x, ■) + Pt(v, ■)), where Pt(z, dz') is the transition probability for 
Pt, we only consider strictly positive / G Cb(R d ). 

(a) We first assume that (i) and (ii) in Lemma 12.31 hold. By applying Proposition 12.21 to 
P T 1/n ' and noting that Lemma [2.31 implies 

P T f= UmEP" 1/n ' V f, feC h (R d ), 

n— >oo 

we obtain the desired inequalities. 



S 



(b) Assume that (ii) in Lemma 12.31 holds. Since for a fixed sample of S, the class of 
piecewise constant functions on [0, oo) is dense in Lf 0C (dS), we may find out a sequence 
of M. d £g> Revalued functions {c^}n>i satisfying (i) in Lemma 12.31 such that — >■ a in 
L 2 ([0,T];dS) and ||(<7 t (n) ) _:l || < A T for t G [0,T]. Let X t (n) solve (EE]) for in place of a, 
and let P^ be the associated Markov operator. According to (a) the assertions in Theorem 
II. II hold for P^ in place of P?. By (ii) we have 



(2.10) 



\X t - Xi n) \ <C I \X S - X^\ds + [ (a™ - a s )dW s{s) 
Jo Jo 



, te[o,T]. 



Since — > a in £ 2 ([0, T]; dS"), we have (see e.g. [2IJ Theorem 88 (v) on page 53]) 



lim E"- 

n— >oo 



<7 



(») 



Vs)dW. 



S(s) 



lim / ||<rW - o-J^dSOO = 0, 



where E 5 is the conditional expectation given S. Then, as in the proof of Lemma 12. 3| by 
letting n — > oo in ( 12. 10}) we obtain 



lim E S \X^ -X T \ 



0. 



so that 

P T f = EP^' V f = lim E(E S ' V f(X^ ) )) = lim P^f. 

n— >oo n— >oo 

Therefore, Theorem 11.11 also holds for P?*. 
(c) In general, for any n > 1 let 

i/j n (x) = ((an V (-n)) An,-- , (x d V (-n) An)), 16 R d . 
Let &t(x) = 6t(x) — K t x. Then (11.21) is equivalent to that bt(x) is decreasing in each X{. Let 

K t x + ~bt oifj n (x), xeR d ,t>0. 



Then satisfies (ii). Moreover, since b t otjj n (x) is decreasing in each xi, (jl.2p holds for ^ 
in place of 6 t . 

Now, let Xf solve ( 11.11) for b^ in place of b. Then, according to (b), the associated 



(n) 



Markov operator P t satisfies the claimed inequalities in Theorem 11.11 Since b t = on 
the ball {x : \x\ < n}, we have X^ = X t for t < r n := inf{t > : \X t \ > n}. Thus, for any 
/ G & b (M. d ), we have 



lim \PPf-P T f\< 



lim F(T > r n ) = 0. 



Therefore, applying Theorem 11.11 to P^ 1 and letting n — > oo, we complete the proof. □ 



Proof of Corollary \1.2[ Note that for any k > 1, 



E 



S(t) k T(k) 

expfcrgt] 
T(k)c^ Jo 



,fc-l e -tfl(r) dr < 



exp [cr^t] 



exp[— cr^dr 



r fc-i e -* r9 dr 



ex P[ cr o t l E _ 1 



i 



s(ty 



where S is the subordinator associated to the Bernstein function r h-» r e . Therefore, (1) and 
(2) follow from Theorem ll.lf l)-(2) and [9j (2.2)]. To prove (3), we make use of the last 
display in the proof of (9j Theorem 1.1] for k — 1, i.e. 



< 2 exp 



x / cH(x,y) \W-o- 1 ) 
{2 ~ e \p-l)tV°) 



where 5 := H ^ x, 'f > . Taking 
p— l ° 



H(x,y) = -X t e 



we prove (2) from Theorem 11.1( 2). 



□ 



3 Extension to sem-linear SPDEs 

Let (H, (•, •), | • |) be a separable Hilbert space, V := (Vt)t>o be a locally bounded measurable 
stochastic process on H, W = (Wt)t>o be a cylindrical Brownian motion on H, and S = 
{St)t>o be a one-dimensional non-negative increasing Levy process associated to a Bernstein 
function B as introduced in Section 1. Recall that W can be formally formulated as 

oo 

(3.1) W t = Y^Ble z , 

i=l 

where {I?*}j>i is a family of independent one-dimensional Brownian motions, and {e{\i>i 
is an orthonormal basis of H. Thus, for any orthonormal family {ej}" =1 , the process 
({W, ei), ■ • • , (W,e n )) is a Brownian motion on IR n . As in the finite-dimensional case, we 
assume that W, S and V are independent. Let ^f(H) be the set of all bounded linear 
operators on H. 

Consider the following stochastic equation on H: 

(3.2) X t = e At X + f e A ^ s) F s (X s )ds+ f e A ^a s dW s{s) + V t , t > 0, 

Jo Jo 

where 

(Al) (A, £t{A)) is a negatively definite self-adjoint operator on H such that 

(3.3) f \\e sA \\ 2 HS ds < oo, t > 0; 

Jo 

(A2) F : [0, oo) x H — > H is measurable, bounded on bounded sets and satisfies 

(3.4) \F s (x) - F a (y)\ < K s \x - y\, x,yeH,s>0 

holds for some locally bounded measurable function K on [0, oo); 

(A3) er : [0, oo) —> Jif(H) is measurable and locally bounded such that at is invertible for 
t > and Ijo"^ 1 !! < X t holds for some increasing function A on [0, oo). 
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Note that if V t = f s ^ A a s dL s holds for some a : [0, oo) — > Sf(H) and some noise L, 
(13. 2 p is known as the definition of mild solutions to the stochastic differential equation 

dX t = AX t dt + F t {X t )dt + a t dW s(t ) + VtdL t . 

We first confirm the existence and uniqueness of the solution (13.21) . By (Al), the operator 
— A has discrete spectrum with eigenvalues < p\ < pi < ■ ■ ■ < p n t oo. From now on, 
we let {ej}j>i be the corresponding eigenbasis, i.e. an orthonormal basis of H such that 
Ati = -pie h i > 1. 

Proposition 3.1. Assume (A1)-(A3). Then 

(1) Let B k := (W,e k ) as m ( TO]) . Then 

Yf-= t e {t - s)A a s dW s(s) = ( [\e( t ^ A a s e k ,e j )dB k s , s) )e j , t>0, 
Jo k j=l \Jo ) 

gives rise to a stochastically continuous process on H such that E s J Q \Y t \ 2 dt < oo 
for T > 0, where E 5 is the conditional expectation given S. In particular, Y has a 
measurable modification. 

(2) Fix a measurable modification ofY := {Y t ) t > , and denote it again by 

Y t = [ e^ A a s dW s(s) , t>0. 
Jo 

For any Xq 6 H, the equation (13. 2 h has a unique solution. 
Proof. (1) We first prove 

oo „ t 

(3.5) U t :=J2 / (e A(M ff s e fc ,e i ) 2 d5(s)<ooa.s, t > 0, 

k,j=i Jo 

and J Q T Utdt < oo for any T > 0. Note that for each t > 0, Ut < oo a.s. implies that It is a 
well defined //-valued random variable with E 5 |Y" t | 2 = Ut < oo (see e.g. [211 Theorem 88 (v) 
on page 53]), and U t dt < oo implies E 5 J Q T |lt| 2 d£ < oo. 
It is easy to see that 

U t = t \\e A ^a s \\ 2 HS dS(s) 
(3-6) Jo t 

< ( sup ||a s || 2 ) / \\e A ^\\ 2 HS dS(s)=:C tl t, t>0. 
v se[o,t] J Jo 

It then follows from (13. 3 P that 

[ U t dt<C T [ lt dt = C T [ dS(s) [ ||e^ A ||^dt 

Jo Jo Jo Js 

< C T S(T) [ ||e* A ||^ 5 dt < oo. 
Jo 
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So, Y. £ L 2 ([0, T] — > H; dt) and Ut < oo a.s. for a.e.-t > 0. It remains to show that Ut < oo 
a.s. for all t > 0, so that Y t is an //-valued random variable for each t > 0. For any 
t > 0, there exists £ (0,t) such that 7f,7t-f < 00 a - s - Since 5 1 = S(- + 1') — S{t') in law, 
It> \\e A(t ~ s) \\ 2 Hs d S(s) = lt -t> ■= Jo"*' \\e A ^- a m 2 HS dS(s) in law as well. Thus, 

lt = f ||e A(4 - s) ||Ld^)+ f \\e A ^ s) \\ 2 HS dS(s) 
Jo Jv 

= lt>+ [ ||e A(t - s) \\ 2 HS dS(s) <oo, a.s. 

Therefore, by (13. 6p we have U t < oo a.s. for all i > 0. 

To prove the stochastic continuity of Y, we note that for any t > and /i > 0, we have 

|F^-y t |<||e M -l||-|F t | + |/(/i)|, 

where 1 is the identity operator and 

/t+h 
^ t+h ~^ A a s dW s{s) . 

Note that C t := sup se [ 04 i \\(J S \\ 2 < oo. We have, for h £ (0, 1), 

E 5 |/(/i)| 2 < C m f lle^'^ll^d^^ + fr) 

J t-h 

which in law equals to C t +i L_ h \\e <Kt ~ s " lA \\ 2 HS dS(s). Since U t < oo a.s. and S(t) = S(t—) a.s. 
for fixed t, we conclude that 1(h) — > in probability as /i — )■ 0. Therefore, for any e > 0, 

limsup P(|F t+?l - y t | >e) < limsup h(\\e hA - 1|| ■ > J) +Pf|I(/i)| > J) ) = 0. 

hlO hlO ^ 2/ \ 2/ J 

Similarly, we can prove lim s -^P(|lt — Yg| > e) = for any t, e > 0. Due to the stochastic 
continuity, the process Y has a measurable modification (see [H Theorem 3]). 

(2) Once a measurable modification of Y is fixed, as explained in Section 1, we let 
X t = X t — Y t — V t and reformulate (13.21) as 

X t = e At X + [ e A ^~ s) F s {X s + Y s + V s )ds, t>0, 
Jo 

which has a unique solution due to (A2). □ 

We note that in the proof of Proposition I3.1[ for different measurable modifications of 
Y, the corresponding solutions derived for the equation (13. 2 p are equivalent, i.e. they are 
modifications each other as well. When V = and a s is independent of s with aei = fiiCi 
holding for some sequence C R, solutions to (13. 2p have been investigated in [To] . 

By Proposition 13. 1\ we define 

P t f(x) = Ef(X t (x)), t>0,xeH,fe 0§ h {H), 
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where X(x) is the solution to (13. 2p for Xo = x. We shall make use of finite-dimensional 
approximations to derive the Harnack inequalities from Theorem 11.11 Note that P t is inde- 
pendent of modifications of Y, and is thus unique due to Proposition 13.11 

For n > 1, let H n = span{ei, • ■ ■ , e n }, and let ir n be the orthogonal projection from H 
onto H n . Let 

A™ = ir n A, = n n F, <tV> = n n a, = n n W, V™ = ir n V. 

For any n > 1, consider the following equation on H n : 

(3.7) X t (n) = 7i n X + /* + F^ n \X^)}ds + /" fT^dW^l + V t {n \ t > 0. 

Jo Jo 

Let be the associated Markov operator. It is easy to see that assertions in Theorem 11.11 
hold for Pf>. Letting n — > oo, we conclude that assertions in Theorem 11.11 and hence in 
Corollary II. 2[ hold for the present Pp. 

Theorem 3.2. Assume (A1)-(A3). Then assertions in Theorem li.il and Corollary 
hold for H in place of W 1 . 

Proof. As explained above we only consider positive / G Cb(H). In this case, by the asser- 
tions for P^ and the dominated convergence theorem, it suffices to prove that lim^oo X^ = 
Xt in law. This follows from 



(3.8) 



lim E sy \xi n) -X t \ = 0, t>0, 



where ~E S ' V is the conditional expectation given S and V. Noting that 



Xl n) = e tA(n) X + I e^ 



JO 

we obtain from (Al) and (A2) that 

\xi n) -X t \<\X -7r n X \+ [ K s \X^-X s \ds 

Jo 

\F s (X s )-F^(X s )\ds^ 



^ A<n) a s dW^ s) + V t in \ 



(3.9) 



e^ s > A Wsd{W^ s) -W S[s) } 

\v t n -v t \. 



+ 



{e (t-s)A_ e (t-s)A^ }(Tsdw V 





(») 
S(s) 



Note that F (n) ->• F as n ->■ oo, and 



E' 



< 





2 




W S{ s)} 


+ E S 


I 



{e (t-s)A_ e (t-s)A^ ]aAW (n^ 

CO CO „f 

2 (EE + EE) / (e A{t - s W k ,e^dS(s) 

k>n 7=1 k=l j>n ^° 
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which goes to zero as n — > oo since U t : = J * ||e A ^ s V s ||^ 5 ds < oo. Moreover, it is easy to 
see that 

supE^|X 4 (n) | 2 + f ( su P E 5 ' y |Xi")| 2 )d S < oo. 

n>l Jo ^ n>l ' 



Then letting n — > oo in ( 13. 9p and using the Fatou lemma and the fact that — > Vt as 
n — > oo, we obtain 

limsupE 5 ' v |X t (ri) -X t \< [ if s limsupE 5y |Xf n) - X s \ds, t > 0. 

n— >oo JO n— >oo 

This implies (13. 8 p and hence, completes the proof. □ 
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